In this paper, we prove Myers-type theorems when halmost Ricci tensor is bounded from below on an n-dimensional complete Riemannian manofold. We also prove that a complete manifold with halmost Ricci tensor bounded below is compact when h has at most linear growth.
Introduction
The Myers theorem is one of the most fundamental results in Riemannian geometry. Myers theorem states that if an n-dimensional complete Riemannian manifold (M, g) satisfies Ric ≥ (n−1)H with H > 0, then M is compact and diam(M) ≤ π √ H . Here, Ric is the Ricci curvature of the metric g. This theorem has been generalized through various approaches (see [1] , [3] , [4] and [7] ). Herein, we recall only one of them due to Galloway. Theorem 1.1 ([4] ). Let M be an n-dimensional complete Riemannian manifold and γ be a minimal geodesic joining two points of M . Assume that Ric(γ ′ , γ ′ ) ≥ (n − 1)H + dφ dt holds along γ, where H is a positive constant and φ is any smooth function satisfying |φ| ≤ b. Then M is compact and its diameter is bounded from above by diam(M) ≤ π (n − 1)H (b + b 2 + (n − 1) 2 H).
Now we define an halmost Ricci soliton. An h-almost Ricci soliton was introduced by Gomes, Wang, and Xia [5] . This soliton is a generalization of an almost Ricci soliton in [2] . An halmost Ricci soliton is an n-dimensional complete Riemannian manifold (M, g) with a vector field V on M , a soliton function λ : M → R and a smooth function h : M → R satisfying the equation
Let
and we call this halmost Ricci tensor with V . In the case λ is constant, we say that it is an hRicci soliton. It is classified as expanding, steady, or shrinking when λ < 0, λ = 0, or λ > 0, respectively. Note that the traditional Ricci soliton is a 1Ricci soliton with constant λ and 1almost Ricci soliton is just the almost Ricci soliton. It is said that h has defined signal if either h > 0 or h < 0 on M .
In this paper, we first prove Myers-type theorems when h is bounded.
Let M be an n-dimensional complete Riemannian manifold. Suppose that there exists some positive constant H > 0 such that the h-almost Ricci tensor satisfies
Then M is compact and 
where φ is some smooth function of the arc length satisfying |φ| ≤ L along γ. If the vector field V and a smooth fuction h satisfy |V | ≤ k 1 , |h| ≤ k 2 , and |h ′ | ≤ k 3 for some constants k 1 k 3 < (n − 1)H, k 2 > 0, then M is compact and
Now considering the case when |h| has at most linear growth in the distance function, we have the following results. Theorem 1.4. Let M be an n-dimensional complete Riemannian manifold. Suppose that there exists some positive constant H > 0 such that the h-almost Ricci tensor satisfies
where d(x, p) is the distance function from some fixed p to x. Then M is compact. Theorem 1.5. Let M be an n-dimensional complete Riemannian manifold. Suppose that there exist some constants H > 0 and L ≥ 0 such that for every pair of points in M and minimal geodesic γ joining those points, the h-almost Ricci tensor satisfies
where φ is some smooth function of the arc length satisfying φ ≥ −L along γ. If the vector field V and a smooth function h satisfy |V | ≤ k 1 , |h| ≤ k 2 (d(x, p) + 1), and |h ′ | ≤ k 2 for some constant k 1 k 2 < (n−1)H 2 , where d(x, p) is the distance function from some fixed p to x, then M is compact.
When h is bounded to a constant
In this section, we prove Theorem 1.2 and Theorem 1.3. Our proofs rely on the index form or second variation of a geodesic.
First, we prove Theorem 1.2. Let p, q ∈ M and γ be a minimizing unit speed geodesic segment from p to q of length ℓ. Consider a parallel orthonormal frame
where I denotes the index form of γ. Using the assumption (1.2) and definition of h-almost Ricci tensor, we get
By setting the function b to be b(t) = sin( πt ℓ ), we have b ′ (t) = π ℓ cos( πt ℓ ). Thus,
Since γ is a minimizing geodesic, we must take
Hence, M is compact and
This completes the proof of Theorem 1.2.
Second, we prove Theorem 1.3. Its proof is similar to the previous proof; thus, the setting is identical. The index form implies
Thus,
If the fuction b is taken to be b(t) = sin( πt ℓ ), then we obtain
This proves Theorem 1.3.
When h has at most linear growth
In this section, we prove Myers-type theorems (Theorem 1.4 and 1.5) under the condition that h has at most linear growth. Our proofs use the Riccati inequality. 
By adding h(t) 2 L V g(γ ′ , γ ′ ) to both sides of this inequality, we have
From (1.4) and definition of Ric h V , we obtain
Integrating both sides of (3.1), we have
So we get
Now we consider the increasing sequence {t ℓ } defined by t ℓ+1 = t ℓ + (n − 1)2 1−ℓ , for ℓ ≥ 1.
Note that {t ℓ } converges to T := t 1 + 2(n − 1) as ℓ → ∞.
We claim that −m(t) ≥ 2 ℓ for all t ≥ t ℓ . To prove this claim, we use induction. If ℓ = 1, the claim is trivially true from the inequality in (3.2) . Now, for all t ≥ t ℓ+1 , we have
Hence, the claim is true for all t ≥ t ℓ+1 . Therefore, This contradicts the smoothness of m(t), which completes the proof of Theorem 1.4.
Second, we prove Theorem 1.5. Setting is the same as the above proof. We have
From (1.5), we obtain
Integrating both sides of (3.3) from 1 to t, we get Since k 1 k 2 < (n−1)H 2 , the above inequality implies that there exists t 1 > 1 such that for all t ≥ t 1 , we get −m(t) − 1 n − 1 Now we can complete this proof by using the same argement as the previous proof.
